Abstract. We consider germs of smooth maps f : (R l ; 0) ! (R n ; c); c 2 C where C is the standard nondegenerate cone of some signature and classify their singularities under the actions of two natural groups of di eomorphisms preserving C. Occuring singularities are subdivided into 3 classes: regular, semiregular and irregular. In the regular case the classi cation of singularities is reduced to the classi cation of the usual singularities of germs of functions. We present the list of simple semiregular singularities and also analyze some irregular singularities.
Let O l denote the ring of germs of analytic functions on (R l ; 0) and m l O l denote the minimal ideal of functions vanishing at the origin. The space of germs of maps (R l ; 0) ! R n is denoted by O (n) l and the space of germs of maps (R l ; 0) ! (R n ; 0) sending the origin of the source to the origin of the target is denoted by M n l . Obviously, O (n) l = O l O l (n factors) and M n l = m l m l .
Some standard notions of the singularity theory.
An arbitrary germ (x; ) = ( (x); ) : (R l R r ; 0 0) ! (R n R r ; s 0) such that (x; 0) = f(x) is called an unfolding of the map f : (R l ; 0) ! (R n ; s). The additional space of parameters R r is called the base of the unfolding. If additionally, for all one has (0; ) = s then such a is called an origin-preserving unfolding of f.
Let us consider the action of a group G (G equals A S or K S ) on the space of germs f : (R l ; 0) ! (R n ; s). Two unfoldings of f with the same base 0 : (R l R r ; 0 0) ! (R n R r ; s 0) and 00 : (R l R r ; 0 0) ! (R n R r ; s 0) are called G-equivalent if the exists a germ of smooth map g : (R r ; 0) ! (G; e) where e is the identical di eomorphism such that 0 (x; ) = g( ) 00 (x; ). Consider a smooth map : (R r 1 ; 0) ! (R r 2 ; 0). The deformation induced by from 2 : (R l R r 2 ; 0 0) ! (R n R r 2 ; s 0) is de ned as 2 = 2 : (R l R r 1 ; 0 0) ! (R n R r 1 ; s 0). A G-versal unfolding of a map f : (R l ; 0) ! (R n ; s) is an unfolding such that any other unfolding is G-equivalent to some unfolding induced from by an appropriate map of bases, see AVG],p.142. If the dimension of the base of is the minimal possible then is called a miniversal unfolding.
(We will always work with miniversal unfoldings and omit the pre x 'mini'.) A bifurcation diagram is a subset Bif of the base such that for any 2 Bif the corresponding map f 2 is not in general position w.r.t. S, i.e. either f is not an immersion or the image f (R l ) is nontransversal to S. Two unfoldings of a germ f : (R l ; 0) ! (R n ; S) are called equivalent if each of them can be induced from the other by an appropriate map of their bases. Bifurcation diagrams Bif 1 1 and Bif 2 2 of two unfoldings with the bases 1 and 2 resp. are called coinciding if there exists a di eomorphism of the pairs ( 1 ; Bif 1 ) and ( 2 ; Bif 2 ). Exactly the same de nitions as above work if we restrict our considerations to the class of origin-preserving unfoldings. Corresponding versal unfoldings will be called origin-preserving or restricted versal unfoldings. Recall that two germs of functions on the same number of variables are called equivalent if there exists a local di eomorphism sending one to the other. Two functions on a di erent number of variables are called stably equivalent if they become equivalent after addition of nondegenerate quadratic forms of extra variables.
By the modality of a singularity of a germ f : (R l ; 0) ! (R n ; s) (under the action of a chosen group G) we call the minimal number m of parameters such that a su ciently small neighborhood of the orbit of f can be covered by a nite number of m-parameter families of orbits.
A singularity of a germ f : (R l ; 0) ! (R n ; C) is called simple (under the action of the chosen group) if its modality is zero.
A germ f : (R l ; 0) ! (R n ; C) is called stable if for any germf close to f there exists a point (x; y) close to (0; 0) such thatf considered asf : (R l ; x) ! (R n ; y) is A-equivalent to f. Remark. If f is (semi)regular then its A S -and K S -versal unfoldings are equivalent (see lemma 1.1) and in this case we just call either of them a versal unfolding. Analogously, its restricted A S -and K S -versal unfoldings are equivalent and we call either of them a restricted versal unfolding.
Let S R n be a germ of a smooth manifold of codimension k and s 2 S be some point.
Let us x k functions h 1 ; : : :; h k de ning S as a germ of complete intersection S : fh i = 0; i = 1; : : :; kg in some neighborhood of s. For any germ f : (R l ; 0) ! (R n ; s); s 2 S we call by the induced germ f S the germ h f : (R l ; 0) ! R n ; s), i.e. the pullback of the functions h 1 ; : : :; h k by f(R l ) in the neighborhood of s.
Proposition A. A versal unfolding and the bifurcation diagram of a regular germ f :
(R l ; 0) ! (R n ; S) is equivalent to a K-versal unfolding and bifurcation diagram of its induced germ f S .
Remark. As was pointed put by the referee Proposition A also holds for K S -unfoldings without the requirement that f is an embedding, see Da 3] but is virtually always false if s
is not a regular point of S.
If S : fQ = 0g is a germ of hypersurface in R n and f : (R l ; 0) ! (R n ; s) is a map then Q f : (R l ; 0) ! (R; 0) will denote the germ of the induced function Q f = f Q. Corollary. If S : fQ = 0g is a germ of a hypersurface then a versal deformation of a germ of a regular map f : (R l ; 0) ! (R n ; s) is equivalent to a K-versal deformation of the induced fuction Q f : (R l ; 0) ! (R; 0). Therefore, if S is a hypersurface then the classi cation of singularities of regular maps coincides with the K-classi cation of germs of functions. In particular, they have the same list of simple singularities.
Corollary B. If C is a nondegenerate cone then for any xed k the list of bifurcation diagrams in versal unfoldings of regular maps f : (R l ; 0) ! (R n ; C) occuring in generic kparameter families of maps stabilize as soon as n > k + l. This means that for any such map regular f 1 to the space of dimension n 1 > k + l there exists a regular map f 2 to the space of dimension n 2 k + l with the coinciding bifurcation diagram.
Semiregular singularities.
Proposition C. A versal unfolding of a semiregular germ f : (R l ; 0) ! (R n ; c); c 2 C can be obtained by extending its reduced versal unfolding by a (n ? l)-dimensional space of parallel shifts of f in the directions transversal to the image f(R l ) at the origin of the target.
Proposition D. Taking the induced functions one de nes a mapping from origin-preserving unfoldings of f to unfoldings of Q f in m 2 l with the following properties. Let (x; ) = ( (x); ) be some origin-preserving unfolding then a) If 1 (x) and 2 (x) lie in a single A C -orbit then Q 1 and Q 2 lie in a single K-orbit. b) any unfolding of Q f in m 2 l can be induced from an origin-preserving unfolding of f. In particular, the deformation of Q f induced from any reduced versal unfolding red (x; ) of a semiregular germ f : (R l ; 0) ! (R n ; C) is equivalent to reduced K-versal unfolding of Q f . (Recall that in its turn any reduced K-versal unfolding of Q f is equivalent to Q f + P i e i where e i 2 m 2 l are representatives of any basis of the quotient module m 2 l =m l ( @Q f @x 1 ; : : :; @Q f @x l ; Q).)
Corollary E. The modality of a semiregular germ is not less than the K-modality of the induced function Q f . Therefore, the necessary condition for a semiregular germ f : (R l ; 0) ! (R n ; C) to be simple is that the induced Q f is stably equivalent to one of the germs of the K-simple singularities, i.e. belongs to one of the A-, D-or E-series.
Remark F. A (n ? l)-dimensional family of parallel shifts of a semiregular f which is included in its versal unfolding in addition to its reduced versal unfolding (see Proposition C) induces the subdeformation of Q f which can be normalized as
where x i ; i = 1; : : :; cr are coordinates in the kernel of the quadratic part of Q f . Therefore, bifurcation diagrams of a versal unfolding and of a reduced versal unfolding are given as the zero sets of the stably equivalent functions.
Theorem G. A germ of a semiregular map f : (R l ; 0) ! (R n ; c); c 2 C; l < n such that the quadratic part of Q f has corank 1 and Q f = x k +: : : ; 6 = 0 along the kernel can be reduced by the A C -action to the normal form f k : (x 1 ; x k 1 ; x 2 ; : : : ; x l ; 0; : : :; 0); where Q = (y 1 y 2 + P n i=3 y 2 i ) and C : fQ = 0g: Its reduced versal unfolding depends on k ? 1 parameters and can be chosen as red (x 1 ; : : :; x l ; 1 ; : : :; k?1 ) : fy 1 = x 1 ; y 2 = x k 1 + 1 x k?1 1 + + k?1 x 1 ; y 3 = x 2 ; : : :; y l+1 = x l ; y l+2 = 0; : : :; y n = 0g:
The bifurcation diagram of this unfolding has two irreducible components. The rst component consists of all sets such that the induced function Q f at the origin has a more complicated singularity than Morse singularity. The second component consists of all sets such that Q f has only singular points di erent from the origin. P n j=3 y 2 j ) for the A-series and Q = (y 1 y 2 + y 3 y 4 + P n j=5 y 2 j ) in the rest of the cases.) 1) Q f = A k ; f = (x 1 ; x k 1 ); see its reduced versal unfolding in theorem G; 2) Q f = D k+1 ; ( forms are di erent only if k is odd) the normal form: f = (x 1 ; x k?1 1 ; x 2 ; x 1 x 2 ); its reduced versal unfolding is red (x 1 ; x 2 ; 1 ; : : :; k ) = fx 1 ; x k?1 1 + 1 x k?2 1 + + k?2 x 1 ; x 2 ; x 1 x 2 + k?1 x 1 + k x 2 g; 3) Q f = E 6 ; f = (x 1 ; x 2 1 ; x 2 ; x 3 2 ); its reduced versal unfolding is red (x 1 ; x 2 ; 1 ; : : :; 5 ) = fx 1 ; x 2 1 + 1 x 1 ; x 2 ; x 3 2 + 2 x 2 2 + 3 x 1 x 2 + 4 x 1 + 5 x 2 g; 4) Q f = E 7 ; the normal form: f = (x 1 ; x 2 1 ; x 2 ; x 1 x 2 2 ), its reduced versal unfolding is red (x 1 ; x 2 ; 1 ; : : :; 6 ) = fx 1 ; x 2 1 + 1 x 1 ; x 2 ; x 1 x 2 2 + 2 x 2 1 + 3 x 2 2 + 4 x 1 x 2 + 5 x 1 + 6 x 2 g; 5) Q f = E 8 ; f = (x 1 ; x 2 1 ; x 2 ; x 4 2 ), its reduced versal unfolding is red (x 1 ; x 2 ; 1 ; : : :; 7 ) = fx 1 ; x 2 1 + 1 x 1 ; x 2 ; x 4 2 + 2 x 3 2 + 3 x 2 2 + 4 x 2 + 5 x 1 x 2 2 + 6 x 1 x 2 + 7 x 1 g:
The adjacency of simple semiregular singularities coincides with the usual adjacency of the A ? D ? E-series, see Fig.1 and consists of two components one of which is a cylinder over the usual cone in R 3 in the cases 2-5 and is a smooth in the case 1. This component correponds to the case when Q f has at the origin a more complicated singularity than just Morse singularity.
Remark. When l = n ? 1 the only type of singularities which occurs is Q f = A k . Other simple singularities are realized only if n ? l is at least 2 while in the regular case (i.e. when f(0) is a smooth point of the cone) one can realize all the simple boundary singularities. Yet another di erence is that in the semiregular case not all the simple boundary singularities are realized due to the fact that Q is a nondegenerate quadratic form in the ambient space. The standard Whitney umbrella is a hypersurface in R 3 given by y 3 = x 1 x 2 ; y 2 = x 2 ; y 1 = x 2 1 in the parametric form or by the equation y 2 3 = y 1 y 2 2 . A Whitney umbrella is a hypersurface di eomorphic to the standard one. A Whitney umbrella de nes a cross in the tangent plane at its vertex consisting of the tangent line to its handle and the tangent space to a Whitney umbrella considered as the image of a map. (On Fig.2 . these lines are y 1 -and y 2 -axis resp.)
The rst nontrivial irregular germ f : (R 2 ; 0) ! (R 3 ; C) occurs when f(R 2 ) is a standard Whitney umbrella and f(0) is a smooth point of the cone C. In this case we can substitute C by R 2 . Moreover instead of normalizing a Whitney umbrella in a space with a hyperplane R 2 one can normalize an imbedding of a smooth hypersurface in a space with the xed Whitney umbrella, see lemma 3.1.
Theorem J. The above nontrivial irregular case leads to the following singularities.
a) If C is transversal to the tangent plane at the vertex of the Whitney umbrella then the Whitney umbrella and a germ of C in the neighborhood of f(0) can be normalized as fy 2 3 = y 1 y 2 2 ; y 1 = y 2 g. b) There are 2 cases of codimension 1 when the tangent plane to C is given by either y 1 = 0 or y 2 = 0, see Fig.2 . In both cases one gets families of singularities with the bifurcation diagrams coincides with that of the singularity B k for some k 2. c) in the most complicated case y 3 = 0 any map is equivalent to one of the following k : (x 2 ; x 1 ; x k 2 ) which has a versal deformation k (x 1 ; x 2 ; 0 ; : : :; k ) = fy 1 = x 2 ; y 2 = x 1 ; y 3 = 0 x 1 +x k 2 + k x k?1 2 + + 1 g and its bifurcation diagram consists of three irreducible components, namely, i) 1 = 0; ii) p(x 2 ) = x k 2 + k x k?1 2 + + 1 has a multiple zero and iii) p( 2 0 ) = 0: These components correspond to nontransversality of a smooth hypersurface to the vertex, the handle and to the smooth part of the Whitney umbrella resp. Recently D. Mond has informed the author that the same problem in the case when the smooth germ and the germ of Whitney umbrella meet transversally was studied by him in Mo].
We consider the real case which is more complicated than the complex one. All the results hold in the complex case as well if one drops the signs in theorem I. Some preliminary results in this direction were obtained by the author in 1989. The original motivation to consider the special case of the cone came from the hyperbolic systems with variable coe cients, compare A2]. Sincere thanks are due to V. I. Arnold for his constant support and encouragement and to V. V. Goryunov for the assistance and explanation of the papers . The considered problem is closely related to the more complicated results by V. V. Goryunov on simple projections, see G1-2] although (to the best of the author's knowledge) the above results do not follow from G1-2] . The author is very obliged to the referee for the constructive criticism which enabled to improve substantially the quality of the original version. The author is very greatful to IHES for the hospitality in January 94 which allowed him not only to accomplish the present article but also to enjoy the beauty of Paris. The denominator in the r.h.s. presents the usual tangent space TA S (f) to the A S -action on f. d) analogously, a reduced K S -versal unfolding~ red (x; ) is equivalent to f + i e i where e i 2 M n l are representatives of any basis of the quotient module (4) M n l =fm l (@f=@x 1 ; : : : ; @f=@x l ) + O l (ṽ 1 f; : : :;ṽ p f)g: The denominator in the r.h.s. presents the usual tangent space TK S (f) to the K S -action on f.
The proof of this statement is standard and analogous to the proofs of the corresponding statements about the R-, RL-and K-equivalences, see AVG] , p.122.
1.2. Proof of Proposition A. We start with the following reformulation. Let f : (R l ; 0) ! (R n ; R n?k ) be a germ of a regular map. (Recall that in the regular case any strati ed S can be substituted by R n?k .) Denote by f a complement to the extended tangent space T e A R n?k (f); denote by~ f a complement to the extended tangent space T e K R n?k (f) and, nally, denote by~ f a complement to the extended tangent space T e K( f), where is the projection of R n along R n?k on R k and the composition f maps (R l ; 0) to (R k ; 0).
These complements f ,~ f and~ f are versal unfoldings of the germs f and f resp.
relative to the corresponding group of di eomorphisms A R n?k , K R n?k and K, see Da2] .
Proposition A 0 . Versal unfoldings f ;~ f and~ f are equivalent, i.e. each of them can be induced from any other, see AVG], p.147 and above.
Proof. The equivalence of f and~ f follows directly from the formulas (1) ? (2) and the fact that f O n is isomorphic to O l since f is an embedding. Let us show the equivalence of f and~ f , i.e. that they can be induced from each other. Note that any map from~ f is de ned by the inverse image of R n?k in the space R l w.r.t. the group of all di eomorphisms of R l (under the assumption that the inverse image of R n?k in R l has positive codimension). Analogously, any map from~ f is de ned by the inverse image of the origin in R l w.r.t. the same group. Thus we must show that for any map from~ f there exists a map from f with the di eomorphic inverse image of the origin and, conversely, for any map from f there exists a map from~ f with the di eomorphic inverse image of R n?k . The last statement is obvious in one direction. And conversely, let us for any h 2~ f construct a map g the inverse image of R n?k of which coincides with the inverse image of the origin for h.
Let f 1 ; : : :; f n?k be coordinate functions of the map f which are 'forgotten' by the projection . Then, obviously, one can take the map g = ff 1 ; : : : ; f n?k ; hg. Remark. As was pointed out by the referee a more general 'invariance of K V -equivalence under suspension' was proved in Da3].
Corollary. Versal unfoldings f and~ f of a regular germ f : (R l ; 0) ! (R n ; C) are equivalent to a K-versal unfolding of the function Q f , where Q is the quadratic form de ning the cone C and Q f is the pullback of Q in the space R l .
Proof. Apply the previous proposition in the neigborhhood of a smooth (by the de nition of regularity) point on the cone.
Remark. If f is the germ of a smooth curve with the order k of tangency to a germ of a smooth hypersurface then its K S -versal unfolding of the is equivalent to a K-versal unfolding of the map x k : (R; 0) ! (R; 0). (In this case K-versal and R-versal unfoldings are equivalent.)
1.3. Proof of Corollary B. Corollary B follows directly from the above corollary and the following count of parameters.
If f is a regular germ f : (R l ; 0) ! (R n ; C) occuring in a generic k-parameter family then the corank cr of the quadratic part of Q f satis es the inequality cr(cr ? 1)=2 k and thus Q f is stably equivalent to a function on at most (k) = The tangent space TA C of a semiregular germ f lies in the extended tangent space T e A C (f).
Moreover, the latter is obtained from the former by adding the l-dimensional vector space of parallel shifts of coordinates in the source since all vector elds preserving C vanish at the vertex of the cone and the linear part of f is nondegenerate, compare denominators in the formulas (1)-(3). Thus the A C -versal unfolding of f di ers from its reduced A C -versal unfolding only by some subspace of parallel shifts of the target. The deformation induced by the l-dimensional space of those shifts of the target which preserve the tangent space to f(R l ) at the origin is cancelled by the l-dimensional space of the parallel shifts of the source. Therefore, the (n ? l)-dimensional quotient space belongs to the versal unfolding.
Proof of proposition D.
We start with the following simple statement.
Consider the group O m;n of all linear transformations preserving some nondegenerate quadratic form Q in R n the index of which (i.e. the number of negative squares) is equal to m. The group O m;n acts in the obvious way on the Grassmanian G l;n .
2.2.1. Lemma. An orbit of O m;n -action on the Grassmanian G l;n consists of all l-dimensional subspaces L with a given corank and index of the restriction of Q L. Moreover, any such subspace L R n of dimension l with the corank cr and the index there always exists a basis (y 1 ; : : :; y n ) such that Q = P cr i=1 y 2i?1 y 2i ? P m+cr j=2cr+1 y 2 j + P n k=m+cr+1 y 2 k where the subspace L is spanned by the coordinates y 1 ; y 3 ; : : :; y 2cr?1 ; y 2cr+1 ; y 2cr+2 ; : : :; y 2cr+ and y m+cr+1 ; : : :; y m+l? . Proof. Use the reduction of the degenerate quadratic form Q L to its normal form.
2.2.2. Theorem. Let f : (R l ; 0) ! (R n ; 0) (0 is the vertex of C) be a semiregular map such that the corank of the quadratic part of Q f equals cr. Then the map f can be reduced to the form (x 1 ; 1 (x 1 ; : : :; x l ); x 2 ; 2 (x 1 ; : : :; x l ); : : :; x cr ; cr (x 1 : : : ; x l ); x cr+1 ; : : :; x l ; 0; : : :; 0), where 1 ; : : :; cr 2 m 2 l in an appropriate system of coordinates (x 1 ; : : :; x l ) and (y 1 ; : : :; y n ) in which the cone C is given by Q = y 1 y 2 + + y 2cr?1 y 2cr + P n j=2cr+1 y 2 j = 0. Moreover, a reduced versal unfolding of f can be chosen as (x 1 ; 1 (x 1 ; : : :; x l ; ); x 2 ; 2 (x 1 ; : : :x l ; ); : : :; x cr ; cr (x 1 ; : : :; x l ; ); x cr+1 ; : : :; x l ; 0; : : :; 0), where 1 ; : : :; cr 2 m for all values of parameters .
Proof of theorem 2.2.2 is based on Mather's homotopy method in its usual form, i.e. if f t ; t 2 0; 1] is a family of maps such that @f t @t 2 TA C (f t ) for all t 2 0; 1] then f 0 is A Cequivalent to f 1 . In order to present the tangent spaces TA C (f t ) more explicitly, using lemma 1.1 we need the following proposition.
Proposition. A basis of the module of vector elds tangent to a homogeneous surface H with an isolated singularity at the origin can be chosen in the following way, see L] . One of the generators is the standard linear eld (y 1 @ @y 1 ; : : :; y n @ @y n ) while the rest are all (2 2 Let us show using the above basis that M l?cr belongs to TA C (f t ) for all t and thus f 0 is A C -equivalent to f 1 . By lemma 1.1 the tangent space to TA C (f t ) is the O l -module fm l (@f t =@x 1 ; : : :; @f t =@x l ) + O l (ṽ 1 f t ; : : :;ṽ p f t )g whereṽ i belongs to the above basis. As above among the vector elds of the basis there exist all vector elds of the form (0; 0; : : :;~ k ; 0; : : :; 0; x j ; 0; : : :; 0), cr + 1 k n ? l and cr + 1 j l where~ k stands at the position cr+j and x j stands at the position cr+k. This means that M l?cr is contained in the tangent space to all f t and the homotopy method gives the necessary reduction.
Using lemma 2.2.2 one gets Proposition D directly. Indeed, the reduced versal unfolding of a semiregular f consists of the semiregular maps and, therefore, their induced functions belong to m 2 l . Taking the induced functions one maps the whole orbit A C f onto the whole orbit KQ f . Indeed, one can cover the whole RQ f -orbit by changing coordinates in the source and one can multiply the induced function Q f by an arbitrary nonvanishing function by using the di eomorphisms of the target which preserve the cone C. Since the tangent space TKQ f to the orbit KQ f at Q f is identi ed with m l f @Q f @x 1 ; : : :; @Q f @x n ; Qg. We now show that any unfolding Q = Q f + (x 1 ; : : : ; x l ; 1 ; : : : ; k ) in the class m 2 l can be covered by an appropriate origin-preserving unfolding = f(x 1 ; : : : ; x l ) + (x 1 ; : : :; x l ; 1 ; : : :; k ). By lemma 2.2.2 one has Q can be reduced to Q = P cr i=1 x i i (x 1 ; : : :; x l ; 1 ; : : :; k )+ P l j=cr+1 x 2 j ; i 2 m l for all values of parameters 1 ; : : :; k . The di erence Q ?Q f = (x 1 ; : : :; x l ; 1 ; : : :; k ) can be expanded as P 1 i j l x i x j i;j (x 1 ; : : : ; x l ; 1 ; : : : ; k ). To obtain (x 1 ; : : : ; x l ; 1 ; : : : ; k ) we rst deform the original map f = (x 1 ; 1 ; : : :; x cr ; cr ; x cr+1 ; : : :; x l ; 0 : : :; 0) by adding P i;j x j to i for all i cr. It is left to compensate~ = P cr+1 i j l x i x j i;j (x 1 ; : : :; x l ; 1 ; : : :; k ) by deforming (x cr+1 ; : : :; x l ; 0; : : :; 0). Since~ is a small deformation of a nondegenerate quadratic form P l cr+1 x 2 j then the parametrized Morse lemma provides the existence of the necessary deformation. Proof of Corollary E. It follows immediately from the fact that taking induced functions one maps the orbit A C f submersively onto KQ f , proposition D and the fact that the K-modality of any function with a singularity at the origin equals the K-modality of in the space m 2 l . The last statement is proved along the same lines as the corresponding statement for the R-equivalence, see Ga] .
Proof of Remark F. By the proposition C and lemma 2.2.1 the family of parallel shifts can be written in the form (x 1 ; 1 + 1 ; x 2 ; 2 + 2 ; : : :; x cr ; cr + cr ; x cr+1 ; : : :; x l ; cr+1 ; : : :; n?l ); where cr is the corank of Q f . This directly gives the necessary answer.
2.3. Proof of theorem G. We start with the easiest case f : (R; 0) ! (R n ; C), where f is the germ of a smooth curve passing through the origin tangent to some ruling of the cone C : fQ = y 1 y 2 y 2 3 y 2 n = 0g ; By lemma 2.2.2 it su ces to consider the case of plane curves images of which lie in the plane spanned by y 1 and y 2 . Let us denote by f k (x) the parameterized curve (y 1 = x; y 2 = x k ; y i = 0; i 3) and show that any other germ of a smooth curve passing through the origin is di emorphic to one of those. The extended tangent space T e A C (f k ) of f k is presented as Since for any h consisting of terms of degree > k the tangent space TA C (f k + h) contains all monomials of degree k it follows that the A C -orbit of f k contains all f k + h (probably after multiplying Q by ?1) according to Da2]. Therefore, these cases do not require separate consideration. Let us now mention the necessary changes to adjust the above proof to the case of a semiregular map f : (R l ; 0) ! (R n ; C) such that the quadratic part of the restriction Q f of Q = y 1 y 2 y 2 3 y 2 n de ning C has a one-dimensional kernel. One can assume without loss of generality that the 1-jet of f is (x 1 ; 0; x 2 ; : : :; x l ; 0; : : :; 0). The quadratic part of Q f has the form x 2 2 x 2 l by lemma 2.2.1. After analogous considerations of the 1-jets of the vector elds one gets that the only family of germs to be considered is (x 1 ; x k 1 ; x 2 ; : : :; x l ; 0; : : :; 0). Now the consideration of the corresponding vector elds gives that its reduced versal unfolding can be chosen in the form (x 1 ; x k 1 + 1 x k?1 1 + + k?1 x 1 ; x 2 ; : : :; x l ; 0; : : :; 0). The restriction of the cone C has the form x 1 (x k 1 + 1 x k?1 1 + + k?1 x 1 ) x 2 2 x 2 l = 0, i.e. is stably equivalent to the same restriction as in the previous case.
Proof of Corollary H. The A C -versal unfolding of the map (x 1 ; x k 1 ; x 2 ; : : : ; x l ; 0; : : :; 0) can be chosen as (x 1 ; x k 1 + 1 x k?1 1 + + k ; x 2 ; : : :; x l ; k+1 ; : : :; n+k?l?1 ) by proposition C. The rest follows immediately. On Fig.3 one can see the monomials included in this versal unfolding of f k ; the arrow shows competing monomials, i.e. either of them but not both must be included in the versal unfolding. When l = n ? 1 then, rather obviously, the above versal unfolding and its bifurcation diagram are equivalent to that of the singularity B k . Let us show that when l = n ? 2 the bifurcation diagram coincides with the bifurcation diagram for the singularity D k+1 . This follows from the form of the standard versal unfolding of D k+1 , see AVG] . Namely, taking the standard versal unfolding of D k+1 as (x 1 ; x 2 ; 1 ; : : :; k+1 = x k 1 + x 1 x 2 2 + 1 x k?1 1 + + k + k+1 x one gets that its bifurcation diagram is de ned by the system 8 > < > : 
Proof of theorem I.
Using corollary E one gets that the corank of the induced function Q f of a simple semiregular f is at most 2 since all simple singularities of functions have the corank 2. The case of corank 1 is covered by theorem G. In order to classify the simple singularities of corank 2 it su ces to consider only the case f : (R 2 ; 0) ! (R 4 ; C) where C given by Q = y 1 y 2 + y 3 y 4 and the 1-jet of f equal to (x 1 ; 0; x 2 ; 0) by lemmas 2.2.1 and 2.2.2. Any semiregular map satisfying the above conditions will be called an adjusted 2 ! 4-map. Consideration of simple adjusted 2 ! 4-maps splits into a series a lemmas. Since we are only interested in the cone C we allow to multiply its de ning form Q by ?1 while nding the normal forms of f.
2.4.1. Lemma. Any adjusted 2 ! 4-map can be reduced to one of the following two forms: i) (x 1 ; x k 1 ; x 2 ; x 2 g(x 1 ; x 2 )), k 2 and g 2 m 2 ; ii) (x 1 ; 0; x 2 ; h(x 1 ; x 2 )), h 2 m 2 2 . Proof. Obviously, any adjusted 2 ! 4-map f reduces to (x 1 ; 1 (x 1 ; x 2 ); x 2 ; 2 (x 1 ; x 2 )) where 1 ; 2 2 m. The vector eld V = (0; x 2 ; 0; ?x 1 ) is tangent to the A C -orbit of any such f, see 2.3. Therefore one can remove either of all the terms of 1 which are divisible by x 2 or of all the terms of 2 divisible by x 1 . Namely, we apply the homotopy method in the form: if f t satis es @f t @t 2 TA C (f t ) for all 0 t 1 then f 0 is A C -equivalent to f 1 . Since v 2 TA C (f t ) all f t = f + t(0; hx 2 ; 0; ?hx 1 ) then f is equivalent to f + (x 1 ; 1 + hx 2 ; x 2 ; 2 ?hx 1 ). Thus, if either 1 itself is divisible by x 2 or 2 is divisible by x 1 one can remove of the corresponding function completely and obtain the case ii) up to renumbering of components. Let x k 1 1 be the smallest power of x 1 in 1 (x 1 ; x 2 ) and x l 1 1 be the smallest power of x 1 in 2 (x 1 ; x 2 ). Let us show that using the homotopy method and renumbering of components f can be reduced to (x 1 ; x k 1 ; x 2 ;~ 2 (x 1 ; x 2 )), where k = min(k 1 ; l 1 ). After some straightforward transformations of the basis of the tangent vector elds one gets only two elds which preserve the rst and the third components and a ect powers of x 1 of the second component, namely, (0; 1 ; 0; 2 ) and (0; 2 ; 0; x 1 @ 2 @x 2 ). Using them we can remove all powers of x 1 of degree greater than min(k 1 ; l 1 ) and multiplying the rst component by a constant and dividing the second component by the same constant we get that the only power of x 1 included in 1 is x k 1 (possibly after multiplication of Q by ?1). Finally, we remove of all powers of x 2 in 1 as described before. Now we arrive at the form (x 1 ; x k 1 ; x 2 ;~ 2 (x 1 ; x 2 )), where~ 2 (x 1 ; x 2 ) is not divisible by x 1 . Let us assume that x l 1 , l k is the smallest power of x 1 in~ 2 (x 1 ; x 2 ). In this situation considering the basis of tangent vector elds one gets the vector eld (0; 0; 0; (k+1)x k 1 +x 2 @~ 2 @x 1 ). We again apply the homotopy method using the last vector eld and remove all powers of x 1 in~ 2 and get that the fourth component is divisible by x 2 . The statement is proved. If k 4 then in order to be simple g must have a nondegenerate linear part x 1 + x 2 ; 2 + 2 6 = 0. If 6 = 0 then g reduces either to g(x 1 ; x 2 ) = x 1 which gives 1) Q f = D k+2 ; k 3; f = (x 1 ; x k 1 ; x 2 ; x 1 x 2 ). If k is even then the forms coincide and one can drop signs of the last component. If = 0 then g reduces to g(x 1 ; x 2 ) = x 2 which after renumeration of components coincides with the case k = 2 below.
If k = 2 and g has a nonvanishing linear part then g reduces to g(x 1 ; x 2 ) = x 1 which leads to 2) Q f = D 4 ; f = (x 1 ; x 2 1 ; x 2 ; x 1 x 2 ).
If k = 2 and g is a simple singularity with vanishing linear part and nonvanishing quadratic part x 2 2 + x 1 x 2 + x 2 1 ; 2 + 2 + 2 6 = 0 then one of the following options is possible. If 6 = 0 then g reduces to x 2 2 which gives 3) Q f = E 6 ; f = (x 1 ; x 2 1 ; x 2 ; x 3 2 ).
If = 0; 6 = 0 then g reduces to x 1 x 2 which gives 4) Q f = E 7 ; f = (x 1 ; x 2 1 ; x 2 ; x 1 x 2 2 ). If = = 0 then using the homotopy method with the vector eld V from lemma 2.4.1 one can get rid of the whole quadratic part of g and obtain either the case 5) of this lemma or the case ii) of lemma 2.4.1.
If k = 2 and g 2 m 3 2 then in order to be simple g must have a nontrivial cubic part containing x 3 2 ; 6 = 0 and in this case it reduces to g = x 3 2 which gives 5) Q f = E 8 ; f = (x 1 ; x 2 1 ; x 2 ; x 4 2 ).
Proof. Case 1). If k 3 then the induced function Q f = x k+1 1 +x 2 2 g; g 2 m 2 . Since any simple germ of function has a nontrivial cubic form, (see e.g. A3]) then g has a nonvanishing linear part x 1 + x 2 ; 2 + 2 6 = 0. Let us present g = x 1 + x 2 + g 2 , where g 2 2 m 2 2 . Working with the basis one gets 4 vector elds with the rst three components vanishing and the following nontrivial quadratic parts of the last component, (0; 0; 0; k x 1 x 2 +(k+1) x 2 2 +: : : ); (0; 0; 0; x 2 2 + : : :); (0; 0; 0; 2 x 1 x 2 + 3 x 2 2 + : : : ) and (0; 0; 0; 2 x 2 1 + 3 x 1 x 2 + : : : ), where : : : denotes all terms of order at least 3. If 6 = 0 then using the second eld we can remove of x 2 2 in the fourth component of f, i.e. of x 2 in g. Finally, by multiplying the third and the fourth components of f by an appropriate constant and its inverse we force = 1. If k is even then changing the sign of x 1 one can force the last component to be x 1 x 2 . If = 0 then we can normalize the coe cient by making = 1. In this case one gets f = (x 1 ; x k 1 ; x 2 ; x 2 2 + : : : ) which coincides with the case 2) below up to renumbering of components.
Case 2) is similar to the case 1). Case 3). If k = 2 one gets Q f = x 3 1 + x 2 2 g: According to the classi cation of simple germs of functions we conclude that g has at least a nontrivial 3-jet. Let us rst assume that its 2{jet is nonvanishing, i.e. g = x 2 2 + x 1 x 2 + x 2 1 + g 3 ; 2 + 2 + 2 6 = 0: Working with the basis of vector elds one gets the following 4 elds a ecting only the fourth component of f: (0; 0; 0; x 2 1 x 2 + x 1 x 2 2 + x 3 2 + : : : ); (0; 0; 0; 3x 2 1 + 2 x 1 x 2 2 + x 3 2 + : : : ); (0; 0; 0; 2 x 2 1 x 2 + 3 x 1 x 2 2 +4 x 3 2 +: : : ) and (0; 0; 0; 2 x 3 1 +3 x 2 1 x 2 +4 x 1 x 2 2 +: : : ): We denote them by v 1 ; : : :; v 4 resp. Since v 2 has the term 3x 2 1 one can always get rid of the term x 2 1 in g. Assuming that = 0 one gets v 4 ? v 2 = 4 x 1 x 2 2 + : : : , where : : : denotes all terms of order at least 4. If 6 = 0 one can get rid of the term x 1 x 2 in g and moreover normalize it to g = x 2 2 + g 3 . Case 4). If = 0 and 6 = 0 then g reduces to g = x 1 x 2 + g 3 . Multiplying x 2 by an appropriate constant one gets g = x 1 x 2 + g 3 . Case 5). Let us assume that f = (x 1 ; x 2 1 ; x 2 ; x 2 (P 3 + g 4 )), where P 3 denotes the cubic part. One concludes that if Q f is a simple germ of function with the 3-jet equal to x 3 1 then its 5-jet must contain x 3 1 + x 5 2 + : : : ; 6 = 0 and therefore P 3 = x 3 2 + : : : , see A3], p.13. Let us check that in this case P 3 reduces to x 3 2 . At rst we force = 1 by the usual trick. Let P 3 = x 3 2 + x 1 x 2 2 + x 2 1 x 2 + x 3 2 . The appropriate basis of vector elds is (0; 0; 0; 3x 4 2 +2 x 1 x 3 2 + x 2 1 x 2 2 +: : : ); (0; 0; 0; 3x 2 1 + x 4 2 +2 x 1 x 3 2 +3 x 2 1 x 2 2 +: : : ); (0; 0; 0; 5x 1 x 3 2 + 4 x 2 1 x 2 2 + 3 x 3 1 x 2 + 2 x 4 1 + : : : ).
Using v 2 one removes x 1 x 2 2 and x 3 1 in g. Taking = = 0 one gets v 4 ? 4 3 x 2 2 v 2 = 5x 1 x 3 2 + : : : and removes the term x 1 x 2 2 in g. Thus, g = x 3 2 + g 4 :
In order to nish the proof of simplicity it su ces to check that all the jets of f presented in the formulation of lemma 2.4.2 are su cient and describe their adjacency. Su ciency will be discussed in the separate statement 2.4.5 and adjacency is postponed until 2.4.6. 2.4.3. Lemma. In the case ii) of lemma 2.4.1 an adjusted 2 ! 4-map is simple if and only if the function h has a nontrivial quadratic part h = x 2 1 + x 1 x 2 + x 2 2 + h 3 ; 2 + 2 + 2 6 = 0 and one of the following possibilities holds.
If 6 = 0 then h reduces either to x 2 1 x 2 2 which gives a) Q f = D 4 ; f = (x 1 ; 0; x 2 ; x 2 1 x 2 2 ) or h reduces to x 2 1 which gives b) Q f = D k+2 ; f = (x 1 ; 0; x 2 ; x 2 1 x k 2 ); k 3. Here the -forms are di erent only if k is even. If = 0 then h reduces to x 1 x 2 which gives c) Q f = D 2k ; k 3; f = (x 1 ; 0; x 2 ; x 1 x 2 + x k 1 ). If = = 0 then h reduces to x 2 2 which gives d) Q f = E 7 ; f = (x 1 ; 0; x 2 ; x 2 2 + x 3 1 ). Proof. Considering the basis of the module of tangent vector elds one gets the following 4-tuple of vector elds a ecting only the fourth component (0; 0; 0; x 1 x 2 + 2 x 2 2 + : : : ); (0; 0; 0; 2 x 2 1 + x 1 x 2 + : : : ); (0; 0; 0; 2 x 1 x 2 + x 2 2 + : : : ) and (0; 0; 0; x 2 1 + x 1 x 2 + x 2 2 + : : : ). After some obvious linear transformations one gets (0; 0; 0; : : :); (0; 0; 0; 2 x 2 1 + x 1 x 2 +: : : ); (0; 0; 0; 2 x 1 x 2 + x 2 2 +: : : ) and (0; 0; 0; (2 ? 2 )x 2 2 +: : : ) denoted by v 1 ; : : :; v 4 resp. Case a). If 6 = 0 then one normalizes it by making = 1 (possibly after multiplying Q by ?1). Then using v 3 one cancels x 1 x 2 in h. We arrive at h = x 2 1 + x 2 2 + h 3 : If 6 = 0 then using the last eld we can normalize it by making = 1. Thus, h = x 2 1 x 2 2 + h 3 . In 2.4.5. we will discuss the su ciency of the presented 2-jet. Case b). If = 0 then h = x 2 1 + h 3 . Using the elds v 2 and v 3 one can remove of all terms in h 3 divisible by x 1 x 2 . Therefore h = x 2 1 + x k?1 2 +: : : . Analogous arguments show that we can remove of all the terms denoted by : : : and obtain h = x 2 1 x k?1 2 . Case c). If = 0 and 6 = 0 then using v 3 one removes x 2 2 in h and normalizes = 1. Now using v 2 and v 3 one removes all the terms in h 3 divisible by x 1 x 2 and by x 2 2 . Thus, h = x 1 x 2 + x k 1 : : :. The same arguments show that h normalizes to h = x 1 x 2 + x k 1 . Case d). If = = 0 then h = x 2 2 + h 3 . The constant normalizes to 1 and the arguments analogous to the case 4 of lemma 2.4.2 shows that if f is simple then h 3 contains x 3 1 and reduces to h 3 = x 3 1 + h 4 . Q f = E 7 ; a) the normal form: f = (x 1 ; x 2 1 ; x 2 ; x 1 x 2 2 ), its reduced versal unfolding is red (x 1 ; x 2 ; 1 ; : : :; 6 ) = fx 1 ; x 2 1 + 1 x 1 ; x 2 ; x 1 x 2 2 + 2 x 2 1 + 3 x 2 2 + 4 x 1 x 2 + 5 x 1 + 6 x 2 g; b) the second normal form: f = (x 1 ; 0; x 2 ; x 3 1 + x 2 2 ), its reduced versal unfolding is red (x 1 ; x 2 ; 1 ; : : :; 6 ) = fx 1 ; 1 x 1 + 2 x 2 1 ; x 2 ; x 2 2 + x 3 1 + 3 x 1 + 4 x 2 1 + 5 x 2 + 6 x 1 x 2 g;
Proposition.
In each of the above subcases all the normal forms present 1 orbit. Proof. In order to show that the rst and the second normal forms belong to the same orbit in all the subcases one should notice the following. Any change of coordinates of the form y 1 = y 1 ;ỹ 2 = y 2 + y 3 h;ỹ 3 = y 3 ;ỹ 4 = y 4 ? y 1 h, where h is an arbitrary smooth function preserves the cone C : fQ = y 1 y 2 + y 3 y 4 = 0g. For an adjusted 2 ! 4-map f that means that if one adds x 2 h to the second coordinate and simultaneously subtracts x 1 h from the fourth coordinate then one obtains another map belonging to the orbit of f. This explains why the rst and the second normal forms belong to the same orbit. It is left to show that the third normal form belongs to the same orbit as the second normal form of D + 2k , i.e. gives (x 1 ; 0; x 2 ; x 1 + x 1 x k?1 2 ).
2.4.5. Criterion of sufficiency of a given jet.
Recall that the k-jet is called su cient under the action of a chosen group if any perturbation of f by any terms of degree greater than k belongs to the orbit of f. Let us denote by M n l (j) the O l -module of all germs (R l ; 0) ! (R n ; 0) all components of which have degree j. By general results of Da2] one can apply Mazer's homotopy method to check stability of a given jet. Thus su ciency of the k-jet of a germ f (under the action of A C ) is equivalent to the fact that the A C -tangent space to any f + , 2 M n l (j) contains the whole module M n l (j). The last condition for semiregular germs f is equivalent to the following statement.
Criterion of sufficiency. The k-jet ofa semiregular germ f : (R l ; 0) ! (R n ; 0); (0 is the vertex of the cone C) is A C -su cient if and only if the O l -module fm 2 l (@f=@x 1 ; : : :; @f=@x l )+ m l (ṽ 1 f; : : :;ṽ p f)g contains the submodule M n l (k + 1), see notation in lemma 1.1.
Proof. Let us sketch the proof of su ciency of the above condition (the necessity is almost obvious). Indeed, let us assume that fm 2 l (@f=@x 1 ; : : :; @f=@x l )+m l (ṽ 1 f; : : :;ṽ p f)g contains the submodule M n l (k + 1). Then since the vector elds v 1 ; : : :; v p are linear the same is true for all f + ; 2 M n l (k + 1). Therefore for all the tangent space TA C (f + ) contains M n l (k + 1). Thus, for the family f t = f + t , t 2 0; 1] the velocity vector @f t @t belongs to TA C (f t ) and therefore f is A C -equivalent to f + .
Using this criterion one can check that all the normal forms in Theorem I and section 2.4.4 are su cient. Let us illustrate this in the most complicated case Q f = D + 2k : (x 1 ; 0; x 2 ; x 1 x 2 + x k 1 ); k 3, see 2.4.4. We must show that the k-jet is su cient. The corresponding vector elds are (1; 0; 0; x 2 +kx k?1 1 ); (0; 0; 1; x 1 ); (x 1 ; 0; x 2 ; x 1 x 2 +x k 1 ); (x 1 ; 0; 0; 0); (x 1 x 2 +x k 1 ; 0; 0; 0); (x 2 ; 0; 0; 0); (0; x 2 + kx k?1 1 ; ?x 1 ; 0); (0; x 2 ; 0; ?x 1 ) and (0; 0; ?x 2 ; x 1 x 2 + x k 1 ). After some simpli cations one gets (1; 0; 0; x 2 +kx k?1 1 ); (0; 0; 1; x 1 ); (0; 0; 0; x k 1 ); (0; 0; 0; x 1 x 2 ); (0; x k 1 ; 0; 2x 2 1 ); (0; x 2 ; 0; ?x 1 ) and (0; 0; 0; x 2 2 ). We must represent any (k + 1)-jet, k 3 by m 2 2 f(1; 0; 0; x 2 + kx k?1 1 ); (0; 0; 1; x 1 )g +m 2 f(0; 0; 0; x k 1 ); (0; 0; 0; x 1 x 2 ); (0; x k 1 ; 0; 2x 2 1 ); (0; x 2 ; 0; ?x 1 ); (0; 0; 0; x 2 2 )g.
Any perturbation of degree k + 1 of the rst and the third components is cancelled by m 2 2 f(1; 0; 0; x 2 + kx k?1 1 ); (0; 0; 1; x 1 )g. Any perturbation of degree k + 1 of the second coordinate is removed by m 2 f(0; 0; 0; x k 1 ); (0; 0; 0; x 1 x 2 )g. Finally, any perturbation of degree k + 1 of the fourth coordinate is contained in m 2 2 f(0; x k 1 ; 0; 2x 2 1 ); (0; x 2 ; 0; ?x 1 ); (0; 0; 0; x 2 2 )g.
2.4.6. Adjacency of simple semiregular germs.
Proposition. The adjacency of the simple semiregular germs coincides with the adjacency of the corresponding induced singularities (and, therefore, is presented on Fig.1 2.5. Proposition B 0 . 2.5.1. Lemma. Fixing a nondegenerate quadratic form Q in R n with the number of negative squares equal to m let us consider the strati cation of Grassmanian G l;n into strata S cr , where S cr consists of all l-planes such that the corank of the restriction of Q to any of these planes equals cr min(l; n; m ? n). Then codim S cr = cr(cr ? 1)=2. This lemma is proved by the same argument as the analogous statement for the quadratic forms.
Proof of B 0 . Any semiregular f : (R l ; 0) ! (R n ; C) occuring in a family of semiregular maps with k parameters has the corank cr of the quadratic part of Q f satisfying cr (k) = 1+ p 1+8k 2 ] by lemma 2.5.1. Therefore, any such f can be reduced to (x 1 ; 1 ; x 2 ; 2 ; : : :; x (k) ; (k) ; x (k)+1 ; : : :; x l ; 0; : : :; 0) and its reduced A C -unfolding deforms only 1 ; : : :; (k) . Thus all such semiregular singularities are eqivalent to semiregular singularities on at most (k) variables. If the number of variables is restricted then the stabilization is obvious. Then im(f) ( ) is equivalent to im( ) (f) as versal unfoldings.
Remark. Apparently the same statement holds if both f and g are stable germs.
3.2. Proof of theorem J.
Proof. Now let f : (R 2 ; 0) ! (R 3 ; C) be a germ of Whitney umbrella tangent to the cone C at some point di erent from the origin. In this case one can obviously substitute C by a germ of a smooth hypersurface. Thus we can normalize a germ of smooth hypersurface in the presence of the standard Whitney umbrella fy 2 3 = y 1 y 2 2 g using the lemma 3.1. The natural basis of vector elds tangent to the standard Whitney umbrella is v 1 = (0; y 2 ; y 3 ); v 2 = (2y 1 ; 0; y 3 ); v 3 = (2y 3 ; 0; y 2 1 ); v 4 = (0; y 3 ; y 1 y 2 ): At rst we enumerate all cases of nontransversality of the tangent plane to a smooth germ w.r.t. the standard Whitney umbrella, i.e. all orbits of positive codimension of the action of 1-jets of vector elds preserving the Whitney umbrella on the 1-jets of germs of smooth hypersurfaces.
One has to consider the following 3 types of 1-jets of f: a) ( x 1 + x 2 ; x 2 ; x 1 ), b) (x 2 ; x 1 ; x 1 ) and c) (x 2 ; x 1 ; 0).
Case a). The 1-jets of vector elds have the form ( ; 0; 1); ( ; 1; 0); (0; x 2 ; x 1 ); (2 x 1 + 2 x 2 ; 0; x 1 ); (x 1 ; 0; 0); (0; x 1 ; 0); or after reduction ( ; 0; 1); ( ; 1; 0); ( x 1 + x 2 ; 0; 0); ( x 2 ; 0; 0); (x 1 ; 0; 0); ( x 1 ; 0; 0): It splits into 2 subcases: a 0 ) The typical case of codimension 0 when 6 = 0; in this case the tangent plane can be reduced to the form y 1 = y 2 = x 2 ; y 3 = x 1 . a 00 ) The special case of codimension 1 when = 0; in this case the tangent hyperplane is y 1 = 0 and the 1-jet of f is reduced to the form y 1 = 0; y 2 = x 2 ; y 3 = x 1 .
Case b). For the 1-jet (x 2 ; x 1 ; x 1 ) one gets (after some obvious simpli cations) the following 1-jets of vector elds (0; ; 1); (1; 0; 0); (0; 0; x 1 ); (0; x 1 ; 0): Therefore the initial jet of the map f can be always reduced to the form (x 2 ; 0; x 1 ): Let us now consider the subcases of positive codimension. The subcase a 0 ) is generic. In the subcase a 00 ) the 1-jet of f is (0; x 2 ; x 1 ) and the 1-jets of vector elds have the form (0; 1; 0); (0; 0; 1); (x 1 ; 0; 0):
This means that one can restrict consideration to the germs of maps of the form (g(x 2 ); x 2 ; x 1 ) according to results of AVG] p.180.
Let us consider the series of maps F k : (x k 2 ; x 2 ; x 1 ). The corresponding basis of vector elds has the form (0; 0; 1); (kx k?1 2 ; 1; 0); (0; x 2 ; x 1 ); (2x k 2 ; 0; x 1 ); (2x 1 ; 0; 0); (0; x 1 ; 0): The versal unfolding of F k is k (x 1 ; x 2 ; 1 ; : : :; k ) : fy 1 = x k 2 + 1 x k?1 2 + + 1 ; y 2 = x 2 ; y 3 = x 1 g: The inverse image of the Whitney umbrella is given by the formula x 2 1 ? x 2 2 (x k 2 + k x k?1 2 + + 1 ) 2 = x 2 1 ? x 2 2 p(x 2 ) = 0:
For a generic set of the inverse image of Whitney umbrella has a point of transversal sel ntersection at the origin and is smooth at other points. Violation of genericity occurs when p(x 2 ) has the zero or multiple root. Thus one gets the bifurcation diagram of the singularity B k .
Case b). The 1-jet of the map f is (x 2 ; 0x 1 ). The corresponding 1-jets of the vector elds are (1; 0; 0); (0; 0; 1); (0; 0; x 2 ); (2x 1 ; 0; x 2 ); (2x 2 ; 0; 0); (0; x 2 ; 0) or after reduction (1; 0; 0); (0; 0; 1); (0; x 2 ; 0):
According to the general technique it su ces to consider the family of germs k : (x 2 ; x k 1 ; x 1 ). The corresponding 1-jets of the vector elds are (1; kx k?1 1 ; 0); (0; 0; 1); (0; x k 1 ; x 2 ); (2x 1 ; 0; x 2 ); (2x 2 ; 0; x 2k 1 ); (0; x 2 ; x k+1 1 ) or after reduction (1; kx k?1 1 ; 0); (0; 0; 1); (0; x k 1 ; 0); (0; x 2 ; 0):
The versal unfolding is k (x 1 ; x 2 ; 1 ; : : :; k ) = fy 1 = x 1 ; y 2 = x k 1 + k x k?1 1 + + k ; y 3 = x 2 g. The inverse image of the Whitney umbrella is the curve given by x 2 2 ?x 1 (x k 1 + k x k?1 1 + + 1 ) 2 = x 2 2 ? x 1 p 2 (x 1 ) = 0.
This curve has transversal sel ntersections which lie on the x 1 -axis which correspond to the simple zeros of the polynomial p and is tangent to the x 2 -axis at the origin. Its degeneracies are caused either by a multiple root of p or if p vanishes at the origin. Thus the bifurcation diagram is the same as for the singularity B k .
Case c). One has to consider the series of maps k : (x 2 ; x 1 ; x k 2 ) and the corresponding initial jet of the vector elds are (0; 1; 0); (1; 0; kx k?1 2 ); (0; x 1 ; x k 2 ); (2x 2 ; 0; x k 2 ); (2x k 2 ; 0; x 2 1 ); (0; x k 2 ; x 1 x 2 ) or after reduction (0; 1; 0); (1; 0; kx k?1 2 ); (0; 0; x k 2 ); (0; 0; x 2 1 ); (0; 0; x 1 x 2 ):
The same argument as above shows that in the case c) considerations can be restricted only to the cases k .
The versal unfolding of k is given by the formula k (x 1 ; x 2 ; 0 ; : : :; k ) : fy 1 = x 2 ; y 2 = x; y 3 = 0 x 1 +x k 2 + k x k?1 2 + + 1 g: The inverse image of the Whitney umbrella is given by ( 0 x 1 + p(x 2 )) 2 ? x 2 1 x 2 = 0; where p(x 2 ) = x k 2 + k x k?1 2 + + 1 . Let us describe the cases of nongeneric position. The natural strati cation of Whitney umbrella consists of its vertex, its handle and its smooth open 2-dimensional part, see Fig.1 . If R denotes 0 x 1 + p(x 2 ) then the nontransversality to the vertex implies R = x 1 = x 2 = 0. Therefore, it gives 1 = 0. The nontransversality to the handle implies R = x 1 = 0 and therefore it gives that p has a multiple root. Finally, it is easy to check that the nontransversality to the smooth part is equivalent to p( 2 0 ) = 0.
x4. Final remarks.
The following questions are quite natural from the point of view of the singularity theory. 1) Extend the theory of vanishing cycles and the technique of Dynkin diagrams to the considered case.
2) Compare modalities of the versal unfolding of f and its induced function Q f .
3) Develop some method to calculate the dimension of the reduced versal unfolding of a semiregular f (at least in the quasihomogeneous case) and compare it with the Milnor number of Q f . 4) Study the semiregular singularities in the case when C is a generic (quasi)homogeneous polynomial of some (multi)degree.
